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ABSTRACT: We obtain a simple obstruction to embedding groups into
the analytic diffeomorphism groups of 1-manifolds. Using this, we classify
all RAAGs which embed into Diff (S'). We also prove that a branch group
does not embed into Diff¥ (S').

1. INTRODUCTION

It is a classical fact (essentially due to Holder, [cf] [9]) that if a sub-
group I' < Homeo, (R) acts freely then I' is Abelian. This is obtained
by first showing that I' is necessarily left-orderable and Archimedean,
and then showing that Archimedean groups are Abelian.

It is interesting to ask the same question for an arbitrary manifold,
i.e. if M is an orientable manifold and a group I' < Homeo, (M) acts
freely then is I' necessarily Abelian? Motivated by this question, we
will say that an orientable manifold M is Holder if any freely acting
subgroup of Homeo, (M) is Abelian. Similarly, if M is an orientable
manifold with boundary OM, then we will say that M is Holder if
any freely acting subgroup I' < Homeoy (M,0M) is Abelian. At the
moment we have very little understanding of Holder manifolds. For
example, we do not even know if the 2-dimensional cube I? is H&jlderﬂ
On the other hand, it follows from the Lefshetz fixed-point theorem
that even-dimensional spheres S, n > 1 (and more generally, even-
dimensional rational homology spheres) are trivially Holder. Interest-
ingly, the circle S! is also a (non-trivial) Holder manifold, that is any
freely acting subgroup of orientation preserving circle homeomorphisms
is necessarily Abelian (see [9]).

Holder’s theorem provides strong and sometimes surprising obstruc-
tions to embedding groups into the homeomorphism group of the circle.
For example, it immediately implies that (as remarked in [9]) a finitely
generated infinite torsion group does not embed in Homeo (S'). Let
us emphasize that even for the simplest 2-manifolds such as S? or T?

IThis question seems to be related to the question of Calegari and Rolfsen in [5]
about left-orderability of Homeo (I™,0I™),n > 2. Also, in [4], Calegari proves a
striking topological consequence of the freeness but only for Z2-actions, namely, for
a free C' class Z? action by orientation preserving homeomorphisms of the plane,
the Euler class of the action must vanish!
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this question is still unsettled; recently, some interesting partial results
have been obtained by N.Guelman and I.Liousse (see [7] and [§]).

In this paper we study obstructions for embeddability of groups into
the group of analytic diffeomorphisms of 1-manifolds. Throughout
the paper, M will denote a compact oriented 1-manifold, so we will
assume that either M! = I or M* = S!, with a fixed orientation.
Diff (M*) will denote the group of orientation preserving analytic dif-
feomorphisms of M?.

The following lemma shows that the commutativity relation among
the elements of Diff (/) is transitive.

Lemma 1.1. Let f, g, h € Diff (I) be non-trivial elements such that f
commutes with g and g commutes with h. Then f commutes with h.

Proof. A non-trivial analytic diffeomorphism has finitely many fixed
points. Therefore if two non-trivial analytic diffeomorphisms ¢1, ¢
commute then Fiz(¢,) = Fix(ps).

Thus we obtain that Fix(f) = Fix(g) = Fiz(h). Let us assume
that Fiz(f) = Fiz(g9) = Fiz(h) = {p1,...,pn}, where 0 = p; < ps <
<y = 1.

Now, assume that f and A do not commute, and let H be a subgroup
of Diff¥ (I) generated by f and h. H fixes all the points pi,...,p,.
Then, by Holder’s Theorem, H contains a non-trivial element ¢ such
that ¢ has a fixed point p € (0,1) distinct from py,...,p,. Let p
lie in between p; and p;;; for some i € {1,...,n}. Since [¢,g] = 1,
we obtain that ¢ must have infinitely many fixed points in (p;, piy1)-
Contradiction. [J

Lemma implies strong restrictions for the embedding of groups
into Diff¥ (M'). We would like to observe the following fact, which will
be useful for our consideration of right-angled Artin groups in Section
2.

Lemma 1.2. Let f1,..., fx be non-identity elements of Diffy (I). Let
also G be a simple graph on N vertices vy, ...,vn such that (v;v;) is an
edge whenever f; and f; commute. Assume that G is connected. Then
G is isomorphic to a complete graph K.

Proof. Let 1 <1i < j < N. We want to show that v; and v; are
connected with an edge. Let (ug,u1,. .., u,) be a path in G such that
Uy = Uy, Uy, = V5. I (wp,u;) is an edge, and j < m, then, by Lemma
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(up,uj11) is an edge. Since (up,u1) is an edge, by induction, we
obtain that (ug, u,,) is an edge. O

Since Holder’s Theorem holds for the analytic diffeomorphism group
of the circle as well, slightly weaker versions of both of the lemmas (1.1
and |1.2| generalize to Diff< (M*).

Lemma 1.3. Let f,g,h € Diff%(S') be elements of infinite order, f
commutes with g and g commutes with h. Then f™ commutes with h™
for some m > 1.

Proof. Let I' be a subgroup generated by f and h. If I" acts freely
then by Holder’s Theorem it is Abelian, and the claim follows. If T"
does not act freely then let p be a fixed point for some non-trivial
v € I'. By analyticity, v has finitely many fixed points, and therefore
since [g,7] = 1, p is a fixed point of ¢" for some n > 1. Then ¢" has
finitely many fixed points, and [f, g"] = [h, ¢"] = 1, so f* and I’ both
fix p for some positive integers 7, 7. Setting m = 47, p is a fixed point
of both f™ and h™. The claim now follows from Lemma |l.1|applied to
/™, g", and h™, since the subgroup of elements of Diff* (S') which fix
p may be identified with a subgroup of Diff¥ (/). O

Now we obtain an analogue of Lemma [1.2]

Lemma 1.4. Let fi1,..., fx be elements of Diffs (S') of infinite order.
Let also G be a simple graph on N wvertices vy, ...,vn such that (v;v;)
is an edge whenever f[" and fi" commute for some m > 1. Assume
that G is connected. Then G is isomorphic to a complete graph Ky. U

Remark 1.5. It is easy to see that Lemmal[I.I]and Lemmal[I.3|both fail
for the the group of orientation preserving analytic diffeomorphisms of
the real line. Indeed, for a real number a # 0, let f,(z) = 3 sin(az) +
and go(z) =  + 2%, Then, for all distinct a,b € R\{0}, we have
[fa,9a] = 1 and [g,, gs] = 1 while for some a,b, the diffeomorphisms

2 fb do not commute for any n > 1. However, it is possible to
prove a similar but much weaker statement for Diff} (R), and then an
analogue of Lemma [1.4] at the expense of increased technicality. We

skip the relevant discussion here.

2. CLASSIFICATION OF RAAGs IN Diff¥ (M)

A right angled Artin group (RAAG) is defined as follows. Let G =
(V, E) be a finite simple graph with a set of vertices V' = {vy,...,v,},
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and I' be a finitely presented group given by the presentation
I'=(z1,...,2, | [x;,x;] = 1 iff (v;0;) is an edge in G).

Thus the graph G defines the group I RAAGs have been studied
extensively in the past decades from combinatorial, algebraic and geo-
metric points of view. In the recent paper [I] the authors prove the
following very interesting result.

Theorem 2.1. Every RAAG embeds in Diff"(R).

The question of whether or not every RAAG embeds in Diff°(M?) is
left open in [I]. The following theorem gives a necessary and sufficient
condition under which a RAAG embeds in Diffy (M?).

Theorem 2.2. A RAAGT =T'(G) embeds in Diffs (M) if and only
if every connected component of the graph G is a complete graph.

Proof. We will present a constructive proof. The “only if” part
follows immediately from Lemmas and for M* = I and M! =
St respectively. For the “if” part, let Ci,...,C,, be all connected
components of GG, such that C; is a complete graph on m; vertices.

We let f,g,,n > 1 be non-trivial orientation preserving analytic
diffeomorphisms of M?! satisfying the following conditions:

(cl) for every finite subset A C N the diffeomorphisms g,,n € A
generate a free Abelian group of rank |A|.

(c2) the subgroup generated f and g,,n > 1 is isomorphic to the
free product (f) * (g1, 92,...).

Now, let h;,, = fig,f " for all non-negativei,n. Foralli € {1,...,m},
let H; be a subgroup generated by h;1, ..., Rim,.

Notice that, for all i € {1,...,m}, the group H; is a free Abelian
group of rank m;. Let I' be a subgroup generated by Hy, ..., H,,. Then

I'=Hyx Hy*---% H, thus I' is isomorphic to the RAAG of the graph
G.

It remains to show that there exist elements f,g,,n > 1 satisfy-

ing conditions (c1) and (c2). Let oy, as, ... be rationally independent
numbers in (1,7) such that logay,logas, ... are also rationally inde-
pendent. In the case of M! = I, we choose g, (z) = ety for all

n > 1, and in the case of M*' = S!, we choose g,, to be the orientation
preserving rotation by the angle a,.

Then g,,n > 0 satisfy condition (c1). Now, we need to prove that
there exists f € Diff (M) such that condition (¢2) holds.



5

We indicate the construction for M' = I. Let F be a free group
formally generated by letters f,g1,¢2,... (so F is a free group with
infinite rank; also, we abuse the notation by denoting the generators
of F' by g1, ¢gs,... which are already defined analytic diffeomorphisms,
and by f which is an analytic diffeomorphism we intend to define).
Let A={f, f 191,97, 92,95 ",...}, and Wi, Wy, ... be all non-trivial
reduced words in the alphabet A such that each W; contains f or f—.

Let D be an open connected and bounded domain in C such that

D contains the real interval [0,1]. We build f as a sum f = an of
n=0
analytic functions w, on D. Intuitively speaking, each n-th summand

wy, induces a small perturbation which prevents the corresponding n-th
word W, (f, g1, g2, -..) from reducing to identity. We recursively define
the maps wp,wr,w, ..., as well as sequences Dy, Dy, ... and €, €, ...
of real numbers as follows.

Let wp be an identity map, i.e. wy(z) = z,Vz € D. Fix an arbitrary
point p € (0,1). We let wy : D — C be an analytic function such that

(1) wi1(0) = wi (1) =0,

(ii) wy(z) is real for all z €e RN D,

(iil) sup |wi(2)| < =,
ze€D 4

(iv) sup |wi(z)| < 1, and
z€[0,1] 4
(v) Wi(f1, 91,92, --.)(p) # p, where f; = wg + w;.
Let Dy = [Wi(f1,91,92,--.)(p) —p|. Let €, < 1 be a positive number
so small that if sup |¢(x) — fi(x)| < €1, then

z€[0,1]
Dy
sup [Wi(p, 91,92, .- ) (@) = Wil f1, 91,92, .- )(@)] < 5
z€[0,1]

Suppose now m > 2 and wy,...,w,_1 are chosen so that the quan-
tity D1 = [Wio1(fm—1, 91,92, - - . )(p) — p| is strictly positive where
fme1=wo+w; + -+ wp_q1. Also suppose €1, ..., €,_1 are chosen so
that €,_1 <--- <¢ <1, and if sup |¢(x) — fr-1(z)| < €m_1, then

z€[0,1]
D;
Sl[lp} |VVZ'(807917927 cee )(:E) - Wi(fm—lvgbg% s )(ZL’)| < 7
z€(0,1

for each 1 < ¢ < m — 1. Then choose w,, : D — C such that:

(i) wn(0) = w(1) =0,
(ii) wp(x) is real for all z € RN D,



€m—1

(i) sup |wm(2)] < ST

zeD

. 1
(iv) mSeL[:)I,)l] lw! ()] < ST and

(V) Wm(fmvglag%"')( ) #p7 where fm =wyt+wi+ -+ wn

Let f(z Z wp(z) for z € D. By condition (iii) f is a uniform limit

of analytic functlons on an open bounded domain and hence analytic.

Moreover, f'(z) is real for all z € [0, 1], and f'(z) = wj(z —l—Zw

— 1
1 - Z s, > 0 by condition (iv), so f is increasing and hence an

n=1
analytic diffeomorphism of I since it fixes 0 and 1. For every word

W,, we have W, (f,g1,92,...)(p) # p, since sup |f(z) — fo(x)] <

z€[0,1]
00
G d theref
ZW_5<enan ererore
i=n+1

Walf 91,92, )(0) = 0l = Wil fn, 91,92 )(0) = | = [Walf, 91,92

- Wn(fn7g1792 s )(p)’
D, D,

> D, — =2 =",
2 = 9

Thus condition (c2) is satisfied. (Obtaining an analytic diffeomor-
phism of the circle satisfying (c2) may be done similarly.) O

3. MORE APPLICATIONS

In this section we will observe other consequences of Lemma and
Lemma [T.4]

Proposition 3.1. LetT" be a group with a sequence of elements g1, g, . . .

such that the centralizer Cy, is a proper subset of the centralizer C,
for every i > 1. Then I' does not embed in Diff? (I).

Proof. We will prove a much stronger fact. By the assumption, in T,
there exist elements g1, g2, h1, ho such that h; belongs to the centralizer
of g1, h1, hy belong to the centralizer of gy while hy does not belong to
the centralizer of g;.
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Let V = {g1, g2, h1, ho}. Consider a simple graph G = (V, E) with a
vertex set V' and where the edge set E defined as follows: (vv;) € E
iff v; and v; are distinct and [v;, v;] = 1 in the group T

Notice that (g1, h1), (92, 1), (92, ha) are edges in G thus G is con-
nected. By Lemma G is isomorphic to K. Hence [gq, hs] = 1.
Contradiction. [

The existence of strictly increasing chain of centralizers is an inter-
esting property for groups; most notably in the area of branch groups.

Proposition 3.2. A branch group does not embed in Diff¥ (M*).

Proof. a) For M!' = I, this is immediate from Lemma Indeed,
by definition of a branch group (see [2]), it contains elements f,g,h
where [f, g] = [g, h] = 1 while [f, h] # 1.

b) For M' = S!, let I' < Diff (M) be a branch group. Then,
by definition of a branch group, I' has a finite index subgroup of the
form I'y x I'y x --- x I';, where n > 2 and none of the groups I';,1 <
1 < n is virtually Abelian. By Hélder’s Theorem for the circle, there
exists a non-trivial diffeomorphism f € T',, such that Fiz(f) # (). Let
p1,--.,pn be all fixed points of f listed along the orientation of the
circle St

Let also H = {y € I'y | Fiz(y) # 0}. Then for every v € H\{1}, by
analyticity, we have F'iz(y) = Fiz(f). On the other hand, if v(p;) = p;
for some v € I'y and 4,5 € {1,..., N}, then vy(piy1) = pj+1. Hence H
is a finite index subgroup of I';. Also, for every hq, hy € H, we have
[h1, f] = [ha, f] = 1. Then, by Lemma [L.1] [hy, ho] = 1. Thus H is
Abelian. But then I'; is virtually Abelian. Contradiction. [

Now, we would like to observe several other corollaries of the results
from Section 1.

Corollary 3.3. A non-Abelian group with a non-trivial center does
not embed in Diff (1).

This fact (with modified statement) can be deduced already for the
group Diffi([ ) using Kopell’s Lemma. More precisely, it follows from
Kopell’s Lemma that an irreducible subgroup of Diffi(] ) has a trivial
center.

Notice that SL(n,Z),n > 3 contains a copy of the integral 3 x 3
unipotent subgroup. Then, by Margulis arithmeticity result of higher
rank lattices, and by Corollary [3.3] and Lemma [I.3] we obtain the
following corollary.
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Corollary 3.4. A lattice in SL(n,R),n > 3 does not embed in Diff¥ (M1).

Let us emphasize that it is already known that a finite index sub-
group of SL(n,Z),n > 3 does not embed in Homeo (1), see [11]; for an
arbitrary lattice in SL(n,R),n > 3 this question is still open. On the
other hand, it is also known that a lattice in SL(n,R),n > 3 does not
embed in Diff, (M?!) as proved by Ghys and Burger-Monod, and it is
also known that any infinite discrete group with property (7") does not
embed in Diff {**(S'), > 1 as proved by Navas [I0]. (in particular,
the result of Corollary is not new.)

Remark 3.5. The only property of non-trivial analytic diffeomor-
phisms of M' that we use in the paper is the finiteness of the fixed
point set. Thus all the results of this paper holds for any subgroup
I' < Homeo, (M') where every non-identity element of T' has finitely
many fixed points.

It is interesting to study representations of general Artin groups into
the group of analytic diffeomorphisms of manifolds. Notice that, by
Corollary and Lemma the braid groups on n > 3 strings (an-
other special subclass of Artin groups) do not embed in Diff¥ (M*).

REFERENCES

1. E. Baik, S-H. Kim, T. Koberda. Right-angled Artin subgroups of the C'*°
interval diffecomrphisms. Preprint. http://arxiv.org/abs/1404.5559
2. L. Bartholdi, R. Grigorchuk, and Z. Sunik. Branch groups, Handbook of
algebra, Vol. 3, North-Holland, Amsterdam, 2003, pp. 9891112, available at
arXiv:math/0510294. MR2035113 (2005£:20046)
3. M. Burger and N. Monod. Bounded cohomology of lattices in higher rank Lie
groups, J. Eur. Math. Soc. 1 (1999) 199-235.
4. D. Calegari. Circular groups, planar groups, and the Euler class. Geom. Topol.
Mon. 7 (Proceedings of the Casson Fest) (2004), 431-491.
5. D. Calegari, D. Rolfsen. Groups of PL homeomorphisms of cubes. Preprint.
http://arxiv.org/abs/1401.0570
6. E. Ghys: Actions de reseaux sur le cercle, Invent. Math. 137 (1999) 199— 231.
7. N. Guelman and I. Liousse. Burnside problem for measure preserving groups
and for 2-groups of toral homeomorphisms. Geometriae Dedicata (2014)
168:387-396
8. N. Guelman and I. Liousse. Burnside problem for groups of diffeomorphisms
of the 2-sphere and the 2-disk. http://arxiv.org/pdf/1404.1224.pdf
9. A. Navas. Groups of Circle Diffeomorphisms Chicago Lectures in Mathematics,
2011. http://arxiv.org/pdf/0607481.
10. A. Navas. Actions de groupes de Kazhdan sur le cercle, Ann. Sci. Ecole Norm.
Sup. (4) 35 (2002), no. 5, 749-758.



9

11. D. Witte. Can lattices in SL(n,R) act on the circle, in B. Farb and D. Fisher,
eds.: Geometry, Rigidity, and Group Actions. University of Chicago Press,
Chicago, 2011. ISBN 9780226237886

AZER AKHMEDOV, DEPARTMENT OF MATHEMATICS, NORTH DAKOTA STATE
UNIVERSITY, FARGO, ND, 58102, USA
E-mail address: azer.akhmedov@ndsu.edu

MiCHAEL P. COHEN, DEPARTMENT OF MATHEMATICS, NORTH DAKOTA STATE
UNIVERSITY, FARGO, ND, 58102, USA
FE-mail address: michael.cohen@ndsu.edu



	1. Introduction
	2. Classification of RAAGs in Diff+(M1)
	3. More Applications
	References

