Good modulating sequences for the ergodic Hilbert transform

Azer Akhmedov and Dogan Comez *

Abstract. This article investigates classes of bounded sequences of complex numbers that are universally
good for the ergodic Hilbert transform in L,-spaces, 2 < p < oo. The class of bounded Besicovitch sequences
satisfying a rate condition is among such sequence classes.

1. Imntroduction. Let (X, u) be a probability space and 7" : X — X be an invertible
measure preserving transformation. For any f € L, the ergodic Hilbert transform (eHt) of f

is defined as

T f(x)
H =1
fla) = tim 32 T,
k=—n
if the limit exists, where Z, means summation without the term & = 0. It is well-known that
k=—n
the eHt exists a.e. for f € L; [4, 11]. This result has also been extended to various other settings
[1, 5, 8, 12, 6]. Given a sequence a = {a;} of complex numbers, we will define the modulated

" k

ergodic Hilbert transform of f € L, (modulated by a) as Haf(x) := liTan Z/ M
k=—n
(X, %, 1, T) is a dynamical system, a sequence a is called good for the ergodic Hilbert transform
in L,(X) if the modulated ergodic Hilbert transform exists p-a.e. for every f € L,(X). Let T be
a class of measure preserving dynamical systems. We will say that the sequence a is universally
good for the ergodic Hilbert transform in L, for the class T if a is good for the ergodic Hilbert
transform in L, of every dynamical system in 7. In case that a is good for the ergodic Hilbert
transform in L, of every dynamical system, we will say that it is universally good for the ergodic
Hilbert transform in L.

f

In the article [7] the second author investigated some classes of sequences that are universally
good for the eHt. Such sequence classes are rather large; for instance, symmetric sequences of
bounded variation and sequences of Fourier coefficients of functions in L,[0,27], 1 < p < oo,
are universally good for the eHt. Recently, in [10] a Wiener-Wintner type theorem for the
ergodic Hilbert transform was proved; a remarkable result which eluded mathematicians for two
decades. A direct consequence of this result is that the sequences of the form {\*}, with |\| =1,
are universally good for the eHt in L,, 1 < p < oo. The techniques utilized in [7] fell short
of proving that some sequence classes, known to be universally good for the ergodic averages,
are universally good for the eHt. There, besides indicating that not all bounded Besicovitch
sequences are good modulating for the eHt, it was proved that a proper subset of the set of
bounded Besicovitch sequences is good for the eHt in L;(X). In this article, having the Wiener-
Wintner theorem for the ergodic Hilbert transform, we will prove that those sequences are
universally good for the eHt in L,. Since we are in a probability space setting, these results also
hold for L,-functions for 2 < p < oco. We also obtain other classes of sequences universally good
for the eHt. Throughout this article, unless stated otherwise, we will assume 0 < § < 1 and
1 < a < 2. Also, T will denote the unit circle in complex plane, and C will always denote a
constant, which may not be the same at each occurrence.
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2. Bounded universally good sequences for the eHt. In this section we will show
that some fairly large classes of bounded complex sequences that satisfy a rate condition are
universally good for the eHt. Let a be a sequence such that

S Jarl = 0%, (n> 1),

k=—n

In [7] it is shown that if a is a bounded sequence good for the ergodic theorem in L., and
satisfy the condition (%), then it is universally good for the eHt in L;. The class of sequences
satisfying (*) include the sequences of Fourier coefficients of functions belonging to the function
spaces L,[0,27], 1 < p < 00, L,[0,27] (the a—Lipschitz functions in L;[0, 27]), and BV;[0, 27]
(the functions of bounded variation in L;[0,27]). The condition (x) is naturally satisfied by the
sequences belonging to these classes; however, the same assertions made there are also valid if
one considers sequences satisfying a weaker condition. For, define

—a Y fal - <1og a1

k=—n

If n is large enough and a > 3+1, then n” < f—=; hence, any sequence satisfying the condition
(x) belongs to M,, if « > 5+ 1.

In [2] it is shown that, among several other results related to the one sided ergodic Hilbert
transform, if a = {ay }rez is a sequence of complex numbers satisfying

|Zakzk|—0 < 00,

1
(#%) sup max
n>1‘d 1 nl A

then it is universally good for the eHt in L;. When the (two-sided) ergodic Hilbert transform is
concerned, it turns out that one can consider a larger class of sequences. Let A, denote the set
of sequences a = {ay, }xez of complex numbers satisfying

log?n, w—
(1) supmax =27 37 @t = Ca < oo
n

k=—n

> n'=? when n is sufficiently large and o > 2 — 3, all classes A, contain sequences

Since & :
og

satlsfymg the condition ().

Remarks. 1. All the sequence classes mentioned above do not contain constant sequences; on
the other hand, constant sequences are trivially universally good for the eHt [4, 11].

2. M, C A,. In fact, Ay contains all M, for all 1 < a < 2.
1 n—1
3. If a € M,, then for all f € Lo, lim — > a,T"f =0 ae.
n—oo M

k=0

4. If o > 1+ 3, the
(%) belongs to A,. In particular, A, contains all such sequences.

. Hence it follows that any sequence satisfying the condition

5. There are A, sequences that do not belong to any M,,. For instance, let a = {a,} be the

special case of the Hardy-Littlewood sequence given by a, = emlog|”| Clearly, a ¢ M, since
Z lax| = . However, for any |z| = 1, it follows that | Z arz*| = O(v/n) (see [13, p:
k=—n k=—n

199]); hence a € Ags.
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A sequence satisfying (x)(hence in M,) need not be bounded. For example, let a; = j if
k = F27, and a; = 0 for otherwise. Then a is an unbounded sequence and satisfies (x) for any
B € (0,1). Having this note, however, all the sequences considered throughout the rest of this
article will be bounded.

Although sequences satisfying the condition (x) are included in Ay, and M, C A,, for some
values of o we also have the reverse inclusion.

Proposition 2.1 Let o/ +1/2 < a < 2, then Ay C M,,.
Proof. By Holder’s inequality,

D lag] < (20)'7? <Z \ak|2> (2n)/? [/y > Ny dA] .

. o' —1/2 .
Since a € A,, we have > ) |ax| < C"—— for some constant C. Hence, since o/ +1/2 <
= log™ n

a < 2, the assertion follows. §

Remark. It follows from Proposition 2.1 that, ifa € A,, 1 < a < 3/2,then 3/2 < 1/2+a < 2,
N-1

.1 &
and hence, for all f € L., ]\}1_13(1)0 N Z apT”f =0 a.e.

k=0

Next, we will prove that M, sequences are universally good for the eHt. The proof is essen-
tially the same as the proof of Theorem 2.2 in [7]; hence, we will sketch it here for completeness.

Theorem 2.2 Let a = {a;} € M,. Then we have the weak (1,1) mazimal inequality for Huf:
for any f € Ly, and for any XA > 0, there is a constant C such that

({x sup| 3 @) A}) <Zifih.

n>1 k——n

Furthermore, a is universally good for the eHt in L;.

Proof. By Abel’s summation by parts formula,

ra T f 1 z i
Z k Z R +1 (Sn — S_,), where Sg; = Z:CLJFZT$ f.
i=1

k=—n

a; TV f

If £={x: sup|z >]>)\} then £ C By U Ey U E3, where By = {x : SUP‘— ()] >

n>1
J=

1

1 A - A
g}, Ey = {x: sgp\gs,n(a:)] > 5}’ and F3 = {z : sgp|;m[sj(x) - S_;(2)]] > §}

Since we always have a weak (1,1) maximal inequality for the operators %S;Fn when a is a
bounded sequence, u(E;) < S| f|l and p(E>) < S2[|f||1, for some constants C; and Cs.

If fe L, and a € M,, we have, for some constant C/,

/ S Y LS i Y = <CIIh

1§k<n j=—k 1<k<n

Sk —
k:(k+ o)

1<k<n



k
where C' = Z m Since the sequence {h,} = { Z %Z la;|T7|f|} C Ly is
1<k<oo 1<k<n j=—k
monotone increasing with [ h, < C||f]1, by the Monotone Convergence Theorem, [ h, T [ h <
C||fll1 where h is the pointwise limit of the sequence h,. Hence, by Chebyshev’s inequality, for
any A > 0, u(Fs) < §||f]l;. Hence, the weak (1,1) maximal inequality for H,f follows.

If f € Ly and m < n are positive integers, then

Sk — C
Z k:(k+1 _||f||mzk22|aa|—||f||mz:m

m<k<n =m j=—k

1
which implies that the sequence { Z k

—(k n 1)<Sk — S_¢)(x)} is Cauchy a.e.; hence, it con-
1<k<n

1
verges. Since lim —S¢,(z) also converges a.e. for all f € L, lim H,f(z) exists a.e. for all
n n n

f € Lu. By the Banach Principle, this fact combined with the weak (1,1) maximal inequality
in the first part implies that a is universally good for the eHt in L. &

By Theorem 2.2 and Proposition 2.1, any a € A, is also universally good for the eHt if
1 < o < 3/2. For 3/2 < a < 2 we need different arguments. Indeed, the statement below
provides an argument valid for alla € A,, 1 < a < 2.

Theorem 2.3 Ifa = {a;} € A, 1 < a <2, is a sequence good for the ergodic averages, then
it 1s universally good for the eHt in Lo.

1
Proof. Since lim —S:Fn exists a.e. by assumption, using Abel’s partial summation, in or-

non
ra; T f(z) :
der to show that hm Z ———— exists a.e. for all f € L, all we need to show is that
J
j=—n
J
hmz J exists a.e., where Sz = Z azx TT f ().

k=1

Observe that, ||S; —S_;|5 =< S5;,5; >+ < S5_;,5-; > — < S;,5_; > — < 5_;,5; >, where
< f,g >= [ fgdu. Since

J J
< 85,8 >= Y <aT f,aT'f>=> aa<T"'f f>,

k=1 k=1

by the spectral theorem for unitary operators, we have < TF!f f >= fT ZF=ldus(z), where T
is the unit circle. Therefore, < S;,5; >= [, [Zi’lzl(akzk)(W)} dus(z); and hence, it follows
that

J
1S; —S_;]I5 = / [Z (ar2f a2t — apzta_i27t — a_pz a2t + akzkalzl)] dps(2)

T | ki=1

Y wet Py (e).

T 1<ikl<y



ra—1
Since a € A,, it satisfies (1); hence, we have ]Zakzk\ < Ca J —. Thus, ||S; — S_j[l2 <
J
—j
CL— H fll2, for some constant C' that depends on a. Therefore, by Holder’s inequality, it follows

log® j
-5 1S; — S| — 1
—Jj —J Cj _—
/Z](]+1 /Z ||f”2jzly3‘°‘log J

that
Now, by the Monotone Convergence Theorem

n—1
. S S,]
/hgnzj(wrl

n—1

hence, we deduce that lim 21 P oxists ae. i
n ; j(+1)

55 .3 .
/ Z < Ol Y gy <o

J

Remark. It should be noted here that the arguments in the theorem above are purely Ly space
arguments.

The class of Besicovitch sequences are known to be universally good for the ergodic aver-
ages [2]. In [7] it has been proved that the sequences of Fourier coefficients of functions in
L,[0,27], 1 < p < oo, which are bounded Besicovitch sequences, are universally good for the
eHt in L,, 1 < p < oo. There, it was also observed that not every sequence a € B is good
modulating for the eHt where B denotes the class of bounded Besicovitch sequences. On the
other hand, a smaller subclass Bg of B produces good modulating sequences for the eHt, where

Bz ={a €l : 3 w induced by a trigonometric polynomial such that a — w satisfies (*)}.

The techniques used in [7], however, fell short of showing that sequences in B, are universally
good for the eHt. In this section, having the Wiener-Wintner theorem for eHt [10], we will
show that not only the sequence class B,, but a subclass of bounded sequences that contains
B, provides sequences universally good for the eHt.

In [10], is was shown that if f € L,, 1 < p < oo, then there is a set X; C X of probability
one such that for all x € Xy

n kk
lim , —/\ ka(m)

e 1

exists for all |\ = 1.

Let W denote the class of sequences induced by bounded trigonometric polynomials, which are
finite linear combinations of sequences of the form {\*}, |\ = 1. Hence, it follows that the
Lacey-Terwilleger Theorem holds for sequences in W; that is, if w € VW then it is universally
good in L,, 1 < p < oo.

Two-sided bounded Besicovitch sequences. First, we will consider two-sided bounded Besicovitch
sequences a = {ay }rez € B, which are defined as, given € > 0, there exists w, € W such that

(1) hmsup— Z lar — w (k)| < e.

kf—n



6

Now, we define

log™ 1
MB, ={a€ly:V¥e>03w,. €W such that limsup o8 ln Z lap — w(k)| < €} and
n ne-

k=—n

AB, ={a€ly:3IweEWsuch thata—w € A,}.

Remarks. 1. M B, C AB, for all a.
2. If ae€ MB,, then a is bounded Besicovitch.

3. If a € Bg, then ay = wy + by, where w = {wy} € W, and {b;} satisfies the condition (),
hence a —w € M, Therefore, B3 C MB, C AB, forall0 < f <land 1<a <2.

4. Sequences induced by trigonometric polynomials belong to the sequence space M B, ; and
hence, to AB,,.

By [10] and the remarks above, any w € W is universally good for the eHt in L. Since for
a€ AB,, ar = a — we(k) + w(k), where wy, is the appropriate trigonometric polynomial, all
2":/ (ax — we(k)T*f

k

techniques as in Theorem 2.3, we obtain

we need to prove is that { converges a.e. In that case, using the same

-n n

Corollary 2.4 If a € AB,, then it is universally good for the eHt in Lo.

Remark. It follows from Corollary 2.4 that if a = {a,} € Bz, 0 < § < 1, then it is universally
good for the eHt in Ls.

Symmetric (one-sided) bounded Besicovitch sequences. In this section we will consider symmetric
bounded Besicovitch sequences, namely, ordinary bounded Besicovitch sequences a = {ax} (with
ar = a_g) such that given € > 0, there exists w, € W satisfying

1 n
lim sup — ap — w (k)| < e.
sup 3 o = )

First, we make an observation. Let T : T — T be an irrational rotation, say Tz = ¢z for
some |¢p| =1, ¢ # 1. Then for any A on the unit circle, and for any f having ¢ as eigenvalue,

T AT L (PN — (@A)*
3 f:fz(¢) (¢);

k k
k=—n k=1

and hence, if A = ¢, then this series is not convergent. Therefore, symmetric bounded Besicov-
itch sequences defined by trigonometric polynomials need not be good for irrational rotations,
which is different form the two-sided case.

1 n
Consider sequences a = {ay }r>o such that v,(k) := lim — Zaj+kcz_j exists for all k£ € N. ~,
> me
=1 )
is called the correlation of a, which is extended to negative integers by letting va(—k) = va(k).
Sequences {va(k)} are positive definite; hence, by the Herglotz-Bochner theorem there exists a

unique Borel probability measure p, on the unit circle T such that

ralk) = /T dpa(z), neN.
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The measure u, is called the spectral measure of a. Bounded Besicovitch sequences are known

to have correlation; indeed, bounded Besicovitch sequences are exactly those complex sequences
n

1 -
such that: (i) pa is discrete, (ii) I'(z) := lim — Z a;z) exists for every z, and (iii) pa(z) = |T'(2)[?
non
=0
for all z € T [2]. Furthermore, it is also known that I'(z) = 0 for all but at most countably
many z € T [9]. The set o(a) = {z € T : I'(z) # 0} is called the spectrum of a. Obviously, if
ar, = A\¥ for some \ € T, then o(a) = {\}.

If (X,3, 4, T) is an ergodic dynamical system, then Ly(X) = x @ s, where & is the closed
linear subspace spanned by the eigenfunctions of T' (called the Kronecker factor of the system).
Consequently, for a non-constant bounded Besicovitch sequence a and a measure preserving
system with {f € Ly : Tf = f} C & properly, if A\ € o(a) N o(T), then, as observed above,

lign Z/ AT need not exist a.e. These arguments also imply that, given any dynamical
systke:n;ln(X ¥, 1, T) with { f € Ly : Tf = f} C K properly, there exists a bounded Besicovitch
sequence a such that hm Z M
symmetric sequences a € g;igre still universally good in L in a restricted sense. Let & denote

the class of weakly mixing measure preserving systems. If T' € <, then it has continuous
spectrum, and hence, its Kronecker factor is simple; namely, k = {f € Ly : T'f = f}. Therefore,

/ )\|k|ka

fails to exist a.e. However, as the next result shows,

for a weakly mixing 7, hm Z

k=—n
techniques as in Theorem 2.3, we obtain

exists a.e. for any f € k. Again, using the same

Corollary 2.5 If a € AB, is a symmetric sequence, then it is universally good for the eHt in
Ly for the class S

The following theorem is analogous to Theorem 2.3, albeit with a restriction on the class
of transformations. Let £ denote the class of measure preserving dynamical systems having
Lebesgue spectrum. Hence, the spectral measure of any nonconstant f € L is absolutely
continuous with respect to the Lebesgue measure on T.

Theorem 2.6 Let T' € L and a be a symmetric bounded sequence of complex numbers such that
n—1

lim — Zakag(x) exists a.e. for every g € Lo. Then a is universally good for the eHt in Lo
non

k=0
for the class L.
Proof. First we observe that Ly = C & H, where H = {g € Ly : 1y = hdz for some 0 <
h < 1}. Since constants are trivially good for the eHt, it’s enough to prove the assertion for
f € H. Again, we will follow the proof of Theorem 2.3; and hence, it is enough to show that

j

1Sy, — S_pnlla = O(n?), for some 0 < 8 < 1, where S¢; = ZaiTﬂf. For, using the spectral
i=1

theorem, we obtain that

n 2

Z(akzk — apz")

k=1

dpy(2),

15, — S_ul < /
T
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and hence

150 = S-ale < 2 [ JTETE
T k=1

Since a € [, and T has continuous spectrum, we have,

[ JDEEE

k=1

1/2
+ 2

n 1/2
[ Zak5k|2duf(2)] .
T k=1

1/2 1/2

n 1/2 n
< [/|Zak2k|2dZ] = [||f||§2|akl2] = 02| fl2),
T k=1 k=1

and similarly, [[. > p_, ak2k|2duf(z)]l/2 = O(n'?||f||2). This implies that ||S, — S_,|l2 =
Om'?||fl2).

At this point, one might ask if some other subclasses of bounded Besicovitch sequences are
universally good for the eHt. One such candidate is the class of uniform sequences [3]. However,

as the following example shows, they are not the right choice. Let Y = {1,2,3}, o:Y =Y

be a cyclic shift and p be the uniform o-invariant probability measure on Y (i.e., u({i}) = 3).

Then (Y, u,0) is a strictly L-stable system; and hence, for each measurable U C Y and y € Y,
the sequence {a,} = {a,(y,U)} where

Lifn >0 and o"(y) € U,
a, =4 —1lifn<0Oanda_, =1,
0 otherwise.
Let U = {2} and y = 1, then
lifn=3m+1and m >0,
a, = —1lifn=3m—1and m <0,

0 otherwise.

Now, given a measure preserving dynamical system (X, Y, v, 7), let X be divided into three sets
A, 7A and 72A with each set having measure % Define

DOifz e A
fz) = lifreTtA
—1ifxer?A.

Then, for x € A, we have,

Therefore, f € Ly with ||f]|2 = \/g Hence,

U ai'n) RN alftria) i)

1
i=—(3n+1) i=1

and for x € A we have,

— A1 (f (7" ) — f(r79 ) —~1—(-1) _ 1
Z 3m+1 3m+1 2 Z

m=1 m=1 m=1



w—  af(r'z) ')
Thus, sup | g Z—| = 00; and hence, lim E —~~—"~ does not exist.
n>1 2
=7 i=—(3n+1 i=—n

Remark. The system (X, v, 7) is not weakly mixing, and the sequence {a,} has positive
density.

Fourier coefficients of Ly functions. In this section we would like to point out that, contrary
to the L, case ([7]), Fourier coefficients of a function g € L]0, 27] need not be universally good
for the ergodic Hilbert transform. In fact a much stronger claim holds: there exists a function
g € L0, 27] such that for any dynamical system (X, %, u,T'), the Fourier coefficients of g is
not good for the ergodic Hilbert transform in L, for any p > 1.

We will make use of the fact that Fourier coefficients of the functions from L,|0,27] may
converge to zero arbitrarily slowly. Examples of such functions are well known (a somewhat
implicit example can be found in [13], combining the results in Chapter V, p.183-184 and
Chapter III, p.93.). We construct more direct, and somewhat different example (with a not
necessarily convex sequence of Fourier coefficients).

Proposition 2.7. Let h : NU {0} — R be a function such that lim, ,, h(n) = 0. Then
there exists a sequence {ay,},>0 such that a, > h(n) for every n € NU {0}, moreover, for all

€ [0,2x], the series 1ag + Z ancos(nx)(x) converges to g(z), where g € L'[0,2n], and (%) is
n=1
the Fourier series of g.

For the proof of this proposition we will use the following common notations:

1. Given a sequence {T, },>0, we will write Az,, = z,, — T, 41, and Az, = Az, — Az, 1, for
all n > 0.

2. For a function g € L'[0,27], we will write g* = gX{ug@)>01, ad g7 = gX{ag(x)<0}-
So gt and ¢~ denote the positive part and the negative part of ¢ respectively. Notice that
g(x) = g*(z) + g~ (z), ae. z € [0,27].

3. Foralln € N,z € [0, 27] we will write D,,(z) = —+Z cos(kx) and F,( n+1 Z D, (
k=1

Notice that for all z € (0, 27),

sin(n + L)z 2 (sm L(n+3 )) )2

d F,
2sin(3x) o (z) = n+1 2sin(ix

D, (z) =

Proof. Let M = 2max{h(n) : n € NU{0}}. Since lim h(n) = 0, we can choose a piecewise
n—oo

linear function a : [0, 00) — (0, c0) satisfying the following conditions
(i) a(n) > h(n),Vn € N;

(ii) a is strictly decreasing;
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(iii) a(0) = M and lim a(x) = 0;

T—r00

(iv) a is differentiable on (0, 00) except at countably many points nq, ng, ..., where (assuming
no = 0), for all k € N, ny is an integer and ny > ng_1 + 3;

(v) there exists A > 1 such that for all £ € NU {0}, ngr1 < A(ngr1 — nk);

(vi) if s denotes the slope of a on the interval (ng_1,n%) [i.e. @'(z) = s, Vo € (ng_1,n4)],
then for all £ € N, sp < sp41 — s < —Sp.

Then we define our sequence {a,},>o by letting a, = a(n),Vn € NU{0}.

By definition of the sequence, if n,_; < n < ng — 2 then A2a, = 0, and if n = n;, — 1 then
A%, | = |sk — sk4al.

Then, by the conditions (i)-(vi), we obtain that Z(n +1)|A%a,| < 00 (%1).

n=1

Indeed, by conditions (ii), (iii) and (iv), we have Z(—sl)(nl —n;—1) = M. Notice that

1 1

s; < 0,Vi € N. Then, by condition (v), we obtain that Z Oni < )\Z n;—n;_q1) < 00.

This, combined with condition (vi), implies that ., |sZ Sit1|ni < 005 thus we obtain ().

Let now s, (z) = a9 + Zakcos(k:c) for all n > 0,2 € [0,27]. Since the sequence {a,}n>0
k=1
is positive and decreasing, by Abel’s summation formula, the limit lim s,(z) exists for all

n—oo
z € (0,2m).

Also, if z € (0,27) and n > 1, by Abel’s summation formula, we obtain that

ZAaka +an n( )

Applying Abel’s summation formula again, for n > 2, we get
n—2

sn(2) = Y (k+ 1)A%aFy(z) + nF, 1 (2)Aan_y + a,Dy(x)
k=0
n—2
Notice that nh_}r{)lo an,Dp(x) = Ji_)rgonFn,l(:c)A@n,l = 0. Hence g(z) = nll_g)loz (k+1)A%ay, Fy(z).

Let us now show that g belongs to L'[0, 2x]. For all n > 2, let

3
N

gn(@) = ) _(k+1)A%apFy(x),

S (n)={k : 0<k<n, A%, >0},S (n)={k : 0<k<n,A% <0},

e
Il
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bn() = Y (k+ DAqF(2), tn(z) = Y (k+ 1A% Fi(x)

keSi(n) keS_(n)

Notice that F,(x) > 0,Vz € [0,27]. Then for all = € [0,27] we have g,(z) = ¢n(x) + Vn (),
where ¢,(z) > 0 and ¢, (z) < 0. Then ¢,(x) > gi(x) > gu(x),Vz € [0,27]. By Fatou’s
2w 2m

2 2w
Lemma, we have / gt = / lim gt < / liminf ¢, < lim inf/ ®n. On the other hand,

0 0

2
fo% Fy(z)dz = 7, for all £ > 1. Then by the condition (%) we obtain that lim inf/ O < 00.
" 0
Hence g™ € L]0, 2x]. Similarly, we obtain that g— € L'[0,2x]. Thus g € L'[0, 27].
After establishing integrability of g it follows from the claim 1-8 ([13], p.184]) that the series
Tap + Z ancos(nx)(*) is indeed a Fourier series of g. J

n=1

Let now (X,¥%,u,T) be a dynamical system, and g € L'[0,27] be a function with Fourier
coefficients satisfying the following condition: a, = 0,¥n < 0, and a, > ——,Vn > 0. Let also

= log(n)’
a={an}tnez and f(z) =1,Vx € X. Then H,f(z) > Z Tog(7) = o0, for all x € X. Thus for
n=1

any dynamical system (X, X, u, T'), the sequence {a,} is not good for eHt in L, for any p > 1.

Remark. For convenience of the reader, we quote the claim 1-8 from [13]: If {a,}n>1 is a

sequence of real numbers decreasing to zero and the function g(x) = Z ancos(nz) is integrable,

n=1
00

then the series g ancos(nz) is a Fourier series of g.

n=1

Remark. It is indeed easy to construct a function a(z) with the desired properties (i)-(vi).
For all k € N, let my, = min{n € NU{0} : h(z) < 5¢f5,Vz > n}. Then let {ny}r>o be a sequence
of non-negative integers such that ng = 0,n; > my and ngyq > 2ng + 3, for all k € NU{0}. We
define the function a(z) as follows: we let a(nix) = &, Vk € NU {0}, and we affinely extend the
function to the interval [ng, nyy1] for every k € NU{0}. Then, by taking A = 2, it is clear that
all of the conditions (i)-(vi) hold. Notice that the function a(x) constructed in this way will be
convex. In general though, conditions (i)-(vi) allow plenty of non-convex functions as well.

3. Extension to Admissible Processes. Given a sequence a € [, let

log®

. n
Jallo = limsup 2 7 o] < oo
nz

—n

Then || ||, defines a seminorm on M,; that is (M,, || ||) is a seminormed subspace of [,. Now,
we turn to obtaining some properties of convergence with respect to || ||,-seminorm, which will
be instrumental in enlarging the scope of some family of good modulating sequences.
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Definition. A sequence a = {ax}3>_., of complex numbers is called a Hilbert sequence if
n

. 11 .

lim,, kz Eak exists.
=—n

Remark. For any A € C, |\ = 1, the sequence {\*} is a Hilbert sequence, and hence, every
sequence induced by a trigonometric polynomial is a (bounded) Hilbert sequence.

Proposition 3.1 a) If {a"} is a Hilbert sequence for each r € Z* and if ||a” — allo — 0 as
r — oo, then a = {ay} is a Hilbert sequence.

b) If a",a € M, with ||a” — al|, — 0 and a’b is a bounded Hilbert sequence for all r € 77,
for some b € |, then ab is a bounded Hilbert sequence.

Proof. Since

/%a’“ Z,l +Z pRO®

k=—n k=—n k—fn

11
and since {Z Ea@}n converges, in order to prove (a) it is enough to show that {Z (ar —
k=-n k‘—fn
ay) }n converges. Now, by Abel’s summation by parts formula, if ST, = Zle(ajm — al;), then,
for 1 <m <n,

11 iy 1 1
g — —a’) — § _ —a"\l < E - qgr

k=—n =—m m<|k|<n
1 1
+\—ST——S,’;L|+|—SZ ——Srm|
n m+1 n m—+1
By hypothesis, ||a” — a||, — 0, therefore, given € > 0, we can pick N large enough such that
- 1 €

henever n,r > N, we have ||a” — al|, < 1 and —_— < =
b v we have | | ;kj?’“logo‘k 2

n ’ 1 a—1 1 1
Then |157] < lz la; —aj| < — n — < ——, hence we have lim —S; — 0. There-
n "= nlog®n — n? “log®n n
fore, as m,n — oo, [LS] — m—HS;I] — 0, and similarly, |-S", — ~55",.| — 0. Hence, for
m,n,r > N (by choosmg even larger N, if necessary),
1 € 1 € 1 €
— S <=, |-S ———=S"| <~ and |=S5" ——Sr
2 U m+1m| g A 1080 = oSl <
m<|k|<n
Then, it follows that, for m,n > N,
|zn:/l(a —ay) — Xm:/l(a —ap)| < Y
kW e R g Ty Ty

and hence { E —(ag — ay,)}n is Cauchy, and hence, converges.
k—fn

Since
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m/ 1
to prove (b) it is enough to show that | Z (ar —ay )by — Z E(ak —ay)bk| — 0 as m,n — oo.

k—fn k=—m

Now, letting n > m, by the inequality
1 ., 1 .,
[ D pla—apbil < bl > lax—apl,
m<|k|<n m<|k|<n
the same method used in part (a) proves the assertion. §

Remark. Since for any A € C, |\| = 1, the sequence {\*} is a Hilbert sequence, for any a € M,
and for any |A\| = 1 the sequence {\*a;} belongs to M, and is a Hilbert sequence.

As an application of Proposition 3.1 we will extend the assertion of Theorem 2.3 to T-
admissible processes. Let (X, X, u,T) be a measure preserving system. A family of functions
F ={fi}icz C Ly(X), 1 <p < o0, is called a T-admissible process on Z if T*! f1; < J+(iv1) for
¢ > 0. When the equality holds, F' is called a T-additive process and is necessarily of the form
F ={T'f};cz, for some f € L,(X). A process F = {f;} C L, is called strongly bounded when
sup,ez || full, < 00; and it is called symmetric if T* f_; = f; for all i € Z.

Given a process F' = { f;}, define the Hilbert transform of F' by lim,, H, F'(x), where H, F(x) =

11
Z —fi(x). The eHt of a symmetric strongly bounded T-admissible process F' exists a.e. for
il
all ¥ C Ly [6]. There, it is also shown that if F' = {f,,} C L, is a positive symmetric strongly
bounded T-admissible process, then there exists a monotone increasing sequence {v,} € L; and
v, 16 € Ly such that f, = T"v), foralln € Z, f, <T"0 for all n € Z, and [|6||, = sup,.¢z || fullp-

For r > 1, define g/ (z) = f;(x) for 0 < |i] <r and
. T " f.(x) for i>r
’L(x) = —itr .
T (z) for —i>r.
Thus, g7 (z) < fi(z) for every i € Z and for each r > 1, and,
0 < fi(z) — gi(x) < TS —v,)(x) if |i| >, and 0 if |i| <7
Observe that, ||0 — v.|, 4 0 as r — oo. Furthermore, ignoring the first r terms the process

{9} }r is T-additive. It follows that, if a € C @ A,, then, for each r > 1, hm Z ex1sts a.e.

by Theorem 2.3. Therefore, for each r > 1, for a.e. « € X, the sequence {algl( )} is a Hilbert
sequence.

Theorem 3.2 Let F' C Ly be a symmetric, strongly bounded T-admissible process. If a € M,,
then

v a; fi()
. Qg Ji(T .
h,l;n E : exists a.e.

—n

Proof. Let u” and u be defined by u" = {a;¢7} and u = {a;f;}, r > 1, respectively. By the
assumptions, for each r, the sequence u” is a Hilbert sequence a.e. x € X. Since,

log n log n z
= po-1 Z |azgz zfz| < — Z| |T _UT
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it follows that,

log® n log® n
OS/[ © Z\ AT (6 — vy) dp < — g Zyalma Uylla < Calld = vyl2 — 0.

i=—n i=—n

Hence, by Proposition 3.1 (a), it follows that u = {a;fi(z)} is Hilbert sequence for a.e., which
Zfz x)

proves that hm Z

exists a.e. 1

Corollary 3.3 Let (X,%, u,T) be a measure preserving system and a € MB,, be a two-sided
sequence. Then

n
. ra; i\ .
lim E L() exists a.e.
n )

—MNn

for any symmetric, strongly bounded T-admissible process F' = {fr} C Lo(X). Ifa € MB, is a
one-sided sequence, then the assertion holds if (X,%, u,T) is a weakly mizing system.
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